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Stability of a Spinning Axisymmetric Rocket
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One hypothesis for explainingthe coninginstabilitiesobserved in certain spinningaxisymmetricsolid fuel rockets
attributes the source of the instability to the accumulation of slag near the exit of the rocket casing. Previously this
hypothesis was explored using a particle model with elastic restoring forces to represent the slag motion. A recent
paper further examines how the results are modi� ed when dissipative forces are added to the model. The work
is based on the second method of Lyapunov. An alternative derivation of the dissipative results is now provided.
The new derivation is based on perturbation analysis of the undamped characteristic values and yields additional
insight into the stability results. A numerical example simulating the coning instability is also given. It shows
that a coning growth similar to that observed in space is possible assuming certain time histories of spacecraft
parameters. The example requires the natural frequency of moving mass to be close to the nominal spacecraft spin
rate to produce the coning instability. In addition to their relevance for the speci� c problem of spinning rocket
stability, the results presented provide insight on how the maximum axis spin rule for torque free spinning bodies
is modi� ed in the presence of thrust.

Introduction

I N the early to mid-1980s, coning instabilities were observed on
certain transfer orbit boost vehicles such as the Perigee Assist

Module-D. These instabilities occurred near the end of the burn of
a solid rocket engine. Several hypotheses were advanced to explain
this phenomenon,but most were eliminated by detailedcomparison
with � ight data. Two remain under active consideration, one that
attributesthe instabilityto gasdynamicsin thecombustionchamber1

and one that attributes the instability to the interaction between the
thrust vector and the internal motion of combustion products (slag)
in the rocketmotor casing.2 A universallyacceptedexplanationdoes
not appear to exist. This paper focuses on the latter (slag) hypo-
thesis.

The slag hypothesis was � rst analyzed in Ref. 2 with an elas-
tic moving mass model. The results show that rapid coning growth
similar to that observed in space can occur if the thrust magnitude
is suf� ciently large and the moving mass is aft of the system mass
center. In Ref. 3, the effects on a spinning rocket of either a single
sphericalpendulummodel or a pair of planar pendula were studied.
It was suggested that actual liquid sloshing may have a qualitative
force balance that is a combination of these two types of pendulum
models. An idealizedmodel subsequentlyconstructed to re� ect this
force balance was able to demonstrate the coning instability. The
issue was further pursued in Ref. 4, where the effect of sloshing
was analyzed with a linearized hydrodynamic coupled � nite ele-
ment model. The work shows that coning instability can occur due
to coupling between the spacecraft nutation and one of the swirl
modes of the liquid. This contrasts a previous work, which investi-
gated a hydrodynamicmodel under a different set of conditionsand
produced no instability.5 Another work involving basically a one-
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dimensional � uid model is given in Ref. 6. The works of Refs. 2–

6 apply linearized analysis to the dynamical equations. Nonlinear
treatments of the problem involving mechanical models are given
in Refs. 7 and 8. The nonlinear analysis enhances simulation of the
spacecraft motion under some restrictions.

The aforementioned works assume nondissipative slag models
in their analysis. The development in Ref. 2 focuses on a spinning
symmetric spacecraft model with axial thrust and purely elastic in-
ternal mass motion (no damping). The point was made that the
instabilities identi� ed did not rely on damping or the presence of
internal energy dissipation. The result is in marked contrast to pre-
vious studies of freely spinningbodieswithout thrust.The extensive
research during the late 1950s and 1960s focusing on the question
of how dissipative internal mass motion affects the coning stability
of freely spinningspacecrafthave led to the maximum axis spin rule
for simple spinners and the dual spin stability inequality for dual
spinners.9 A recent work containsa detailedanalysisof the effect of
a precessiondamper on the motion of a torque free spinningbody.10

The work focuses on the unstable dynamics and shows that the ap-
parent limit cycles are actually transient motions slowly decaying
to an equilibrium. For the torque free coning problem, stability re-
sults with dissipative forces added to the internal mass model were
investigated in Ref. 11 using the second method of Lyapunov. The
results show that regions that were unstable in the absence of dissi-
pative forces remain so when damping is added. In areas where the
undampedstabilityresults were inconclusive,some regionsbecome
unstable and some become asymptotically stable. Thus, the region
of instability in the presence of dissipative forces is larger than that
found for purely elastic forces.

In this paper, an alternate derivation of the dissipative results in
Ref. 11 is provided.The newderivationis basedon thecomplexvari-
able formulation of Ref. 2 followed by a perturbation analysis of
the undamped characteristic values. The results provide additional
insight into the stability conditions. The present paper also gives a
numerical example simulating the coning instability. It shows that a
coning growth similar to that observed in space is possible assum-
ing certain time histories of spacecraft parameters. The example
requires the internal mass to have a natural frequency close to the
nominal spin rate of the spacecraft to produce the coning instability.
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Fig. 1 Idealized spacecraft model.

Model
The model used in this investigation is shown in Fig. 1. It con-

sists of a symmetric rigid body containing a mass particle, which
can move in a plane perpendicular to the symmetric axis. The axes
B1, B2, and B3 are � xed in the rigid body and pass through the point
coincidingwith system mass center when x1 and x2 are zero. Nomi-
nally the particle is on the B3 axis a distanceh from the system mass
center. Motion of the particle away from the axis produces a linear
elastic restoring force with spring constant k and a linear damping
force with damping constant c. A thrust vector with magnitude F
acts along the symmetry axis and passes through the mass center
of the rigid body. The thrust vector is a nonconservative force of
a type sometimes called a follower force in the literature.12 This
model is identical to that considered in Ref. 2 except that motion of
the internal mass is here assumed to produce dissipative as well as
elastic forces.

The particle represents internal mass motion in the rocket. A
primary source for such motion is the liqui� ed slag, which collects
in the aft portion of the rocket engine as a byproduct of the burning
solid fuel.Clearly,a particlemodel fails to capturemanyphenomena
a sloshing � uid can exhibit. However, a simple particle model does
include the major � rst-order effect of liquid motion and provides a
preliminary understandingof the resulting dynamics.

Governing Equations
Four real (or two complex) coupled linear differential equations

are required to describe the coning motion of the spacecraft for
small cone angles. The � rst two of the real equations may be ob-
tained from the angularmomentum principle.For small cone angles,
the system angular momentum for the system mass center may be
approximated as

Hc D I1 C mh2 !1b1 C I1 C mh2 !2b2 C I3Äb3

¡ mh. Px2 C x1Ä/b1 C mh. Px1 ¡ x1Ä/b2 (1)

The externally applied torque due to the thrust vector Fb3 is

Mc D ¡¹Fx2b1 C ¹F x1b2 (2)

In Eqs. (1) and (2),

!1 , !2 D components of the rigid-body angular velocity for
the axes B1 and B2 , respectively.

b1 , b2 , b3 D body-� xed unit vectors parallel to the axes
B1 , B2, and B3, respectively.

I1 , I1, I3 D moments of inertia of the (symmetric) rigid body
for the axes B1 , B2 , and B3, respectively.

m D mass of particle
M D mass of rigid body
¹ D m=.m C M/
F D magnitude of thrust (assumed constant)
Ä D nominal spin rate of rigid body about B3

t D independent variable (time)

Variables not de� ned in the preceding list are de� ned in Fig. 1.
Applying the angular momentum principle, d Hc=dt D Mc, and

taking the b1 and b2 components of the result leads to

I1 C mh2 P!1 C I3 ¡ I1 C mh2 Ä!2

D 2Ämh Px1 C mh Rx2 ¡ mhÄ2x2 ¡ ¹Fx2 (3)

I1 C mh2 P!2 ¡ I3 ¡ I1 C mh2 Ä!1

D 2Ämh Px2 ¡ mh Rx1 C mhÄ2x1 C ¹Fx1 (4)

where the over dot denotes differentiation with respect to the time
variable t . Equations (3) and (4) represent the � rst two governing
equations in real form. The second two equations may be obtained
by applying Newton’s second law to the particle and taking the
components of the result in the b1 and b2 directions.For small cone
angles, the b1 and b2 components of the particle accelerationa may
be expressed as

a ¢ b1 D .1 ¡ ¹/ Rx1 ¡ 2Ä Px2 ¡ Ä2x1 C h. P!2 C Ä!1/ (5)

a ¢ b2 D .1 ¡ ¹/ Rx2 C 2Ä Px1 ¡ Ä2x2 C h.¡ P!1 C Ä!2/ (6)

The b1 and b2 component of the force f applied to the particle may
be expressed as

f ¢ b1 D ¡kx1 ¡ c Px1 (7)

f ¢ b2 D ¡kx2 ¡ c Px2 (8)

where

k D spring constant for elastic restraint on the particle
c D damping constant for the particle motion

From Newton’s second law, i.e., f ¢ bi D ma ¢ bi , i D 1; 2, we
obtained the second two governing equations in real form,

¡kx1¡c Px1 D m .1¡¹/ Rx1¡2Ä Px2¡Ä2x1 C h. P!2 C Ä!1/

(9)

¡kx2¡c Px2 D m .1¡¹/ Rx2 C 2Ä Px1¡Ä2x2 C h.¡ P!1 C Ä!2/

(10)

Before attempting to analyze these equations, it is convenient to
de� ne some new parameters and variables. Let

¸ D
I3 ¡ I1 C [¹mh2=.1 ¡ ¹/]

I1 ¡ [¹mh2=.1 ¡ ¹/]
(11)

° 2 D
k

m.1 ¡ ¹/Ä2
(12)

» D
c

m.1 ¡ ¹/Ä
(13)

yi D .1 ¡ ¹/xi

jhj
(14)

± D
mh2

.1 ¡ ¹/ I1 ¡ [¹mh2=.1 ¡ ¹/]
(15)

T D ¹hF

.1 ¡ ¹/Ä2 I1 ¡ [¹mh2=.1 ¡ ¹/]
(16)

r D jhj=h D §1 (17)

Using thesedimensionlessquantitiesandsubstituting Rx1 and Rx2 from
Eqs. (9) and (10) into the right-hand side of Eqs. (3) and (4) yields
the governing equations in the following form:

P!1 C ¸Ä!2 D ¡r.±° 2 C T /Ä2 y2 ¡ r±»Ä Py2 (18)
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P!2 ¡ ¸Ä!1 D r.±° 2 C T /Ä2 y1 C r±»Ä Py1 (19)

Ry1 ¡ 2Ä Py2 C .° 2 ¡ 1/Ä2 y1 C »Ä Py1 D ¡r. P!2 C Ä!1/ (20)

Ry2 C 2Ä Py1 C .° 2 ¡ 1/Ä2 y2 C »Ä Py2 D r. P!1 ¡ Ä!2/ (21)

Equations (18–21) can be written in complex form by de� ning ! D
!1 C j!2 and y D y1 C j y2. Thus,

P! ¡ j¸Ä! D jr .±° 2 C T /Ä2 y C jr±»Ä Py (22)

Ry C j2Ä Py C .° 2 ¡ 1/Ä2 y C »Ä Py D r. j P! ¡ Ä!/ (23)

Further simpli� cation is possiblewith the introductionof additional
dimensionless quantities.Let

3 D 1 C ¸ (24)

1 D 1 C ± (25)

¿ D Ä3t (26)

u D !e j .¿=3/

Ä3
(27)

z D ye j .¿=3/ (28)

To D ±° 2 C T

32
(29)

»o D »1=3 (30)

¯2 D ° 2=32 (31)

Then Eqs. (22) and (23) reduce to

u 0 ¡ ju D jr Toz C r±»o.z=3 C j z0/=1 (32)

z00 C ¯2z D jru 0 C j»o.z=3 C j z0/=1 (33)

where the prime superscript denotes differentiationwith respect to
¿ . Equations (32) and (33) are now in a very convenient form for
analysis.

Stability Analysis
Writing Eqs. (32) and (33) in Laplace transform notation yields

.s ¡ j/ ¡ jrTo ¡ r±»o.1=3 C j s/=1

¡ jrs s2 C ¯2 ¡ j»o.1=3 C j s/=1

u.s/

z.s/
D 0 (34)

The characteristic equation for this system is

.s¡ j/.s2C¯2/CTos¡ j»o.1=3C j s/[.s¡ j/Cs±]=1 D 0 (35)

Let s D ¡ jq . The characteristic equation then becomes

.q C 1/.q2 ¡ ¯2/ ¡ Toq C j»o.q C 1=3/.q C 1=1/ D 0 (36)

When the rootsofEq. (36)havenegativeimaginaryparts, the rootsof
Eq. (35)havenegativerealparts indicatingstability.DenoteCo.q/ D
.q C 1/.q2 ¡ ¯2/ ¡ Toq , and Eq. (36) becomes

Co.q/ C j»o.q C 1=3/.q C 1=1/ D 0 (37)

Undamped Case: »o = 0
The characteristic equation reduces to one with real coef� cients,

Co.q/ D .q C 1/.q2 ¡ ¯2/ ¡ Toq D 0 (38)

The roots of Eq. (38) are either all real, indicatingmarginal stability,
or they contain a complex conjugate pair, indicatinginstability.The
boundarybetweenstability and instabilityoccurs when Eq. (38) has
two equal roots. To � nd the conditionfor equal roots, write Eq. (38)
in a form suitable for root locus analysis,

1 C .¡To/q

.q C 1/.q C ¯/.q ¡ ¯/
D 0 (39)

Fig. 2 Root locus for Co(q) = 0.

Figure 2 shows the locus of roots of Eq. (39) as To is varied. Note
that instability can only occur for To < 0. As To D ±¯2 C T=32

and ± ¸ 0, this means T must be negative, and hence, h must be
negative. Therefore, this instability can only occur if the moving
internal mass is aft of the system mass center.

To locate the breakaway point qc and correspondingvalue of To ,
solve Eq. (38) for To:

To D
.q C 1/.q2 ¡ ¯2/

q
(40)

At breakaway, dTo=dq D 0. Thus,

2q3 C q2 C ¯2 D 0 (41)

To solve this equation, let p D 1=q . Then,

p3 C p=¯2 C 2=¯2 D 0 (42)

Using standardformulas for cubicpolynomials,the roots of Eq. (42)
are p1 D C1 CC2, and p2; p3 D ¡.C1 CC2/=2§ j

p
3=2.C1 ¡C2/,

where

C1 D 3 ¡1=¯2 C 1=¯4 C 1=.27¯6/ (43)

C2 D 3 ¡1=¯2 ¡ 1=¯4 C 1=.27¯6/ (44)

Because C1 and C2 are both real, p1 will be real, and p2 , p3 will
be complex. The real root is to be used in solving Eq. (41) for the
breakaway point. Thus,

qc D 1
p1

D 1
C1 C C2

(45)

To obtain the value of To for breakaway, substituteqc into Eq. (40):

T ¤
o D

.qc C 1/ q2
c ¡ ¯2

qc

(46)

Equations(43–46) establishthe relationshipsbetween¯2 and To that
de� ne the stabilityboundary for the undampedcase. This boundary
is displayed graphically in Fig. 3. The region below the curve is
unstable.

Damped Case: »o > 0
The characteristic equation becomes one with complex coef� -

cients:

Co.q/ C j»o.q ¡ q3/.q ¡ q1/ D 0 (47)

The quantities q3 and q1 are introduced as damping roots de� ned
by q3 D ¡1=3 and q1 D ¡1=1. For cases of practical interest,
± will be small and positive. The parameter ¸ can assume values
between C1 and ¡1 with negativevalues correspondingto a prolate
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Fig. 3 Instability chart in the absence of damping.

rocket and positive values corresponding to an oblate rocket. Thus
for this study, the parameters 3, 1, and »o will be positive and the
damping roots q3 and q1 will be negative.

The roots of Co.q/ havebeen analyzedin the undampedcase.The
focus here is on the effect of adding the damping term. Consider,
� rst, the case To > T ¤

o for which Co.q/ has only real roots. If
none of the roots are equal to q3 or q1, there cannot be any real
value of q satisfying both Co.q/ D 0 and .q ¡ q3/.q ¡ q1/ D 0.
Equation (47) hence does not have any real solution. The roots of
Eq. (47) will all be complex in the presence of damping. Stability
conditionscan, therefore,be derivedassuming in� nitesimally small
»o . Once a root moves inside the stable (or unstable) region on the q
planeat in� nitesimal »o , it will stay in that region for all »o > 0. The
root will not cross over between stable and unstable regions when
»o is varied, as that would mean existence of a real root for Eq. (47)
at some point.

Denote the roots of Co.q/ by qi and their complex shifts in the
presence of in� nitesimal »o by "i , i D 1; 2; 3. Expressions for "i

can be obtained by differentiating Eq. (47) with respect to »o and
solving for the partial derivative @q=@»o . Keeping only � rst-order
terms in »o , one obtains

"i D @q

@»o qi

»o D ¡ j»o
.q ¡ q3/.q ¡ q1/

@Co.q/=@q
qi

(48)

The shifts "i will be stabilizing if and only if

.q ¡ q3/.q ¡ q1/

@Co.q/=@q
qi

> 0 (49)

for i D 1; 2; 3.
Figure 4 shows the function Co.q/ vs q . The positive real root of

Co.q/ is designated as q1 and the negative roots as q2 and q3 , with
q2 ¸ q3 . The roots q2 and q3 de� ne regionsA, B, and C as depicted.
From Fig. 4,

@Co.q/

@q
q1

> 0;
@Co.q/

@q
q2

< 0;
@Co.q/

@q
q3

> 0

(50)

The stability condition of Eq. (49) then becomes

.q1 ¡ q3/.q1 ¡ q1/ > 0 (51)

.q2 ¡ q3/.q2 ¡ q1/ < 0 (52)

.q3 ¡ q3/.q3 ¡ q1/ > 0 (53)

Fig. 4 Co(q) vs q.

Satisfaction of all three conditions (51–53) are necessary and suf� -
cient for stability.

Condition (51) is always satis� ed because q1 is positive and q3

and q1 are negative. Condition (52) is satis� ed if q3 and q1 lie
separatelyon the two sidesof q2 in Fig. 4. Condition (53) is satis� ed
if both q3 and q1 lie on the right or the left of q3. Altogether,
conditions (51–53) will be satis� ed when q3 and q1 lie separately
in regionsof A and B. This yields the following stability conditions.

For ± < ¸.q1 < q3/,

q2 < q3 .q3 in region A/

q3 < q1 < q2 .q1 in region B/
(54)

For ¸ < ±.q3 < q1/,

q2 < q1 .q1 in region A/

q3 < q3 < q2 .q3 in region B/
(55)

Conditions (54) and (55) are necessary and suf� cient for asymp-
totic stability when Eq. (47) exhibits no real root. In cases when q2

or q3 happen to equal q3 or q1, however, Eq. (47) will have real
roots. Stability will be marginal at best. Analysis of these cases can
be conductedby � rst factoringout the real roots and then examining
the stability of the complex roots assuming in� nitesimal »o . (Here,
the real roots are independentof »o and will not constitutecrossover
points between stable and unstable regions.) Stability conditions,
which include marginally stable cases, are given by relaxing the
inequality signs in conditions (54) and (55) from < to ·.

Turning to the case To < T ¤
o where Co.q/ has an unstable root

to start with, instability is ascertained for in� nitesimally small »o .
Reasoning as before, it can be concluded that the nominal motion
will remain unstable in the presence of damping.

The asymptotic stability conditions can be put in another form,
noting from Fig. 4 that Co.q/ < 0 for q in A and Co.q/ > 0 for q
in B.

For ± < ¸ .q1 < q3/,

Co.q3/ < 0

Co.q1/ > 0
(56)

For ¸ < ± .q3 < q1/,

Co.q1/ < 0
Co.q3/ > 0

(57)

Equations (56) and (57) can be combined into a compact form,

.¸ ¡ ±/=Co.q1/ > 0

Co.q3/Co.q1/ < 0
(58)

With Co.q/ D .q C 1/.q2 ¡ ¯2/ ¡ Toq , one has

Co.q3/ D ¸=.1 C ¸/2 ¡ ¸¯2 C To

1 C ¸
(59)

Co.q1/ D ±=.1 C ±/2 ¡ ±¯2 C To

1 C ±
(60)
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Equation (58), therefore, gives the conditions derived in Ref. 11
using the second method of Lyapunov.

There is yet another derivation of the stability conditions, and
that is to put Eq. (47) in the root locus form 1 C j»o.q ¡ q3/.q ¡
q1/=Co.q/ D 0 and examine the angles of departure for q1 , q2,
and q3 subjected to perturbation j»o. This derivation is basically the
same as the present approach.

Stability conditions (54) and (55) can be expressed in a useful
form if one observes the following.

Stable Coning Condition (SCC): The coning motion is asymptot-
ically stable in the presence of damping if and only if q2 is the only
real root of Co.q/ D 0 lying between the damping roots q3 and q1,
i.e., .q2 ¡ q3/.q2 ¡ q1/ < 0.

Thus, given ± and ¸, or q1 and q3 , the values of To for asymp-
totic stability can be obtained from the root locus of the undamped
characteristic values. For ¸ < ± (q3 < q1 ), the upper and lower
bounds of To for asymptotic stability are given as T u

o D To.q1/ and
T l

o D To.q3/, where the function To.q/ is given by Eq. (40). For
± < ¸.q1 < q3/, the bounds are reversed with T u

o D To.q3/ and
T l

o D To.q1/. The stability boundaries can be obtained by plotting
the straight lines To.q3/ D ¸¯2 ¡ ¸=32 and To.q1/ D ±¯2 ¡ ±=12

in the To vs ¯2 plane.Figure 5 shows the stability region when ¸ < ±
and Fig. 6 shows the region when ¸ > ±. The stability boundary

Fig. 5 Stability chart in the presence of damping: ¸ < ±.

Fig. 6 Stability chart in the presence of damping: ¸ > ±.

Fig. 7 Stability chart with damping showing accumulation of ¸ lines.

T ¤
o for the undampedcase is also included for comparison.A closer

examination of Fig. 5 will be given later. The stability regions are
bounded by two lines with slopes ± and ¸ originating from a ver-
tex. The boundariesof the stability regions constitute the regionsof
marginal stability. Remaining areas in the � gures are the regions of
instability. The vertex coordinates on the To vs ¯2 plane can be ob-
tained from the expressions of To.q3/ and To.q1/: ¯2 D .1 ¡ ±¸/=
.3212/, To D ¡±¸.3 C 1/=.3212/.

In Fig. 7 the value of ± is held � xed at 0.02, and ¸ is allowed to
vary through a sequence of positive and negative values. It is seen
that the resultingTo.q3/ lines are tangent to T ¤

o , and as more of these
lines are plotted, the stability curve of the undamped case clearly
emerges.

To examineFig. 5 more closely, the root locus in Fig. 2 is referred.
The damping rootsq3 and q1 lie on the negativereal axis with q3 <
q1 (¸ < ± case). Imagine that To is being decreased from a large
(positive) value, and consequently, q2 is moving from somewhere
near the origin toward the left and q3 is moving from near ¡1
toward the right. The critical point qc where q2 and q3 meet depends
on ¯2 [Eq. (45)]. If ¯2 is relatively large so that qc lies on the left
of q3 , then q3 will not enter the range .q3; q1/ at all. Stability is
dictated by the points where q2 reaches q1 and enters the range
.q3; q1/ on the right validating the SCC and where q2 reaches q3

and exits the range .q3; q1/ on the left invalidating the SCC. The
upper and lower bounds on To are obtained by substituting q1 and
q3 into Eq. (40), which leads to T u

o D To.q1/ and T l
o D To.q3/.

Moreover, if ¯2 is such that qc D q3 , T l
o D To.qc/ D T ¤

o [Eq. (46)].
The lower bound T l

o touches the undamped stability boundary at
this point. If ¯2 is smaller so that qc lies to the right of q3 , the
upper bound remains dictated by where q2 reaches q1 and enters
the stability range .q3; q1/ on the right, but the lower bound will be
dictatedby where q3 reachesq3 and enters the range .q3; q1/ on the
left invalidating the SCC. The resulting expression for T l

o , though,
remains as T l

o D To.q3/. Furthermore, if ¯2 is relatively small such
that To.q3/ > To.q1/, the root q3 actually enters .q3; q1/ before
q2. Then the stability condition is always violated and there is no
stabilizing value for To. These observations account for the various
features of Fig. 5. A similar interpretationapplies to Fig. 6.

In the region above the stability curve of Fig. 3, the stability
investigationof Ref. 2 was inconclusive.The situation in this region
is clari� ed by Ref. 11 and the present analysis. It is seen that in
this region the additionof damping sometimes producesasymptotic
stabilityand sometimesproducesinstability.This typeof behavioris
characteristic of many rotational dynamics problems including the
problem of torque free motion. Moreover, the result suggests that a
passive device may be added to a spinning rocket that will enhance
its stability. This capability was demonstrated in Refs. 13 and 14.
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The stabilitycharts for the damped case can be further simpli� ed.
The ranges of To for asymptotic stability can be observed from
Figs. 5 and 6 to be as follows: if ¸ < ± and To.q1/ > To.q3/,
then To.q1/ > To > To.q3/, and if ¸ > ± and To.q1/ < To.q3/,
then To.q1/ < To < To.q3/. Substituting To.q3/ D ¸¯2 ¡ ¸=32,
To.q1/ D ±¯2 ¡ ±=12 , and To D ±¯2 C T=32 [Eq. (29)] into these
expressionsyields the following.

If ¸ < ± and ¡ ±=12 > .¸ ¡ ±/¯2 ¡ ¸=32; then

¡±=12 > T=32 > .¸ ¡ ±/¯2 ¡ ¸=32 (61)

If ¸ > ± and ¡±=12 < .¸ ¡ ±/¯2 ¡ ¸=32; then

¡±=12 < T=32 < .¸ ¡ ±/¯2 ¡ ¸=32 (62)

De� ning a new parameter J D .T=32 C ±=12/=.¸ ¡ ±/, Eqs. (61)
and (62) then reduce to a single inequality.For stability we require

J l D 0 < J < J u D ¯2 ¡ .1 ¡ ±¸/=.3212/ (63)

The quantities J l and J u are the lower and upper bounds of J for
asymptotic stability. As a result, the stable region in the J vs ¯2

plane is bounded by straight lines with slopes of 1 and 0 originating
from a vertex at [.1¡ ±¸/=.3212/; 0]. In this case, a single stability
chart applies to both cases ¸ < ± and ¸ > ±.

Discussion and Application
The previoussectionspresent the stabilityanalysisof an idealized

problem. No approximations have been made except for lineariz-
ing the governing equations. All parameters, including the mass of
the system, have been presumed constant. In the rocket problem,
which motivated the study, of course, the parameters are not con-
stant,and the system does lose mass.An analysis that correctlytakes
account of these variations would be much more complicated than
that presented so far and much insight would be lost. To retain the
simplicity of the present treatment, we argue that if the parameters
change slowly with respect to the period of a single spin cycle, the
analysis can be used to study the qualitative behavior of the sys-
tem as the mass properties vary. Proceeding in this spirit, one � rst
determines how ¸, T , ±, ¯2 , and various parameters vary over the
time interval of interest.Then the stability conditionscan be used to
check whether the parameters lead to instability at any time during
this interval.

As an example, assume that the spacecraftmass properties I1 , I3,
M; and h are varying linearly in time during the burn. Speci� cally,
let I1 decrease from 2712 kg ¢ m2 at time t D 0 to 868 kg ¢ m2 at
time t D 85 s, and let I3 decrease from 813 to 468 kg ¢ m2 during
the same period. The behavior of 3, which is dominated by I1 and
I3, hence, varies from 0:3 at t D 0 to 0.55 at t D 85 s. The rocket
is always prolate, but it becomes less so as the burn proceeds. Also,
let the spacecraft mass M vary from 3284 to 1940 kg during the
interval, and let h start out at ¡0:2 m at t D 0 and decrease to
¡0:5 m at the end of the burn as the loss of rocket fuel moves
the system mass center toward the front of the rocket. The thrust
force and spin rate are given by F D 66,723 N and Ä D 2¼ rad/s.
Except for h, these assumed values are the same as those utilized
in the numerical example of Ref. 2 for the undamped case and are
derived largely from actual rocket data. The example in Ref. 2 also
assumed m D 131 kg and ° 2 D 0:25 throughout the burn. It was
pointed out that m and ° 2 are very dif� cult to determine. Here, we
delay assigning values for m and ° 2 until later. We can, however,
safely assume that m is relatively small (up to only a few percent
of M ) and, hence, ± is small and positive. As ¸ is negative (the
spacecraft is prolate), only the ¸ < ± case needs to be considered
in this example. Substituting Eq. (31) into Eq. (61), we obtain the
following requirement for stability:

¡±32=12 > T > .¸ ¡ ±/° 2 ¡ ¸ (64)

Equation(64) can be viewedas consistingof two parts,¡±32=12 >
T and T > .¸ ¡ ±/° 2 ¡ ¸, both of which need to be satis� ed for
stability. Substituting Eqs. (15) and (16) for ± and T , the � rst part
becomes

¡32=12 > F=[.M C m/hÄ2] (65)

The left-hand side of Eq. (65) is basically equal to ¡32 since 1 D
1 C ± ¼ 1. The right-hand side depends primarily on F and Ä,
which we know with some certainty,and the assumed time histories
of M and h. The internalmass m plays a relativelyminor role in this
equationas it is small compared to M . When h is positive, the right-
hand side of Eq. (65) is positive and the left-hand side is negative.
Hence, Eq. (65) is not satis� ed, and the system is unstable. If m
represents liquid sloshing in fuel tank, it may be possible for h to
be positive. Here, we focus on the case where m represents liquid
slag and, hence, h is always negative.Substituting the parametersas
assumedshows that Eq. (65) is satis� ed during the whole durationof
the burn. After the burn, however, F D 0 and the right-hand side of
Eq. (65) becomes zero. Hence, Eq. (65) is violated, and the system
is unstable. This agrees with the known behavior of a dissipative
torque free body, which is unstable if the body is prolate.

The secondpart of Eq. (64) can be rewritten to yield a stable range
for ° 2,

.T C ¸/=.¸ ¡ ±/ < ° 2 (66)

where the fact .¸ ¡ ±/ < 0 has been used. Equation (66) yields a
lower bound of ° 2 for satisfying the stability condition. Figure 8
depicts this bound, ° 2 D .T C ¸/=.¸ ¡ ±/, over the burn interval
for the assumed time histories and slag mass of m D 40, 60, and
80 kg. The bound attains values close to unity as both T and ± are
small comparedto ¸. Since° 2 D k=[m.1¡¹/Ä2], this indicatesthat
resonancebetween internalmass oscillation[

p
.k=m/] and nominal

spin rate Ä is needed to produce the observed coning instability.
Figure 8 shows that if ° 2 D 1:01, say, instability will occur around
54 s into the burn if the sloshing mass m D 80 kg. Instability will
occur at 64 and 74 s into the burn, if m D 60 and 40 kg, respectively.
Given the time for onset of coning instability, Fig. 8 can be used to
infer a relation between m and ° 2.

We now calculate the system root loci by assuming that m grows
linearly from zero at t D 0 to 60 kg at t D 85 s. We implicitly
assume that the sloshing mass model is valid throughout the burn.
In reality, the model may become a viable description of the space-
craft dynamics only after suf� cient mass has accumulated. Based
on Fig. 8, we choose a value of 1:01 for ° 2. Figure 9 shows the
system roots of Eq. (35) for the duration of the burn. There is a third
root residing well into the left-half plane, which is not included in
the � gure. Figure 9 shows that the system is stable at the begin-
ning of the burn. At approximately t D 57 s, however, one of the
roots moves into the unstable region. The growth rate of this root
increases appreciably from t D 57 s until the end of burn at t D 85
s. At this point, the thrust force F ceases and the system roots attain
locations as indicated by the circles. There is still an unstable root

Fig. 8 Bound °2 as a function of time for m = 40, 60, and 80 kg.
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Fig. 9 System root loci during the burn.

but the growth rate is much reduced.The behavior, as outlinedhere,
is in qualitative agreement with that observed in space.

In this example, the parameter »o is held � xed at 0.2. A different
valuefor »o will changethe scalingsof the axesbutnot thequalitative
characteristics of Fig. 9. The damping coef� cient of the internal
mass is ½ D 1

2 .c=m/=
p

.k=m/. Upon substitution of Eqs. (12),
(13), and (30), ½ D

p
.1 ¡ ¹/3»o=.2° 1/. With ° ¼ 1, 1 ¼ 1,

and3 varyingfrom0.3 to 0.55duringthe interval,thecorresponding
damping coef� cient varies from about 3% at the beginning to 5.5%
at the end of burn.One can also set a constantvalue for ½ throughout
the burn, in which case »o will be time varying instead.

Conclusions
The problem considered in this paper and the referenced works

may be viewed as an extensionof the freely spinning body problem
wherein a new ingredienthas been added: the thrust vector that acts
along the symmetry axis. Nominally the thrust vector produces no
torqueabout the mass center,but when there is internalmassmotion,
the mass center can move off the thrust axis producing an external
torque.

This system is nonconservativeeven in the absenceof dissipative
forces. Clearly, the thrust vector can add energy to the system. The
stability of such a system without dissipative forces was studied in
an earlier work, and a substantial region of instability was found.
A follow-up work further examined how the stability regions are
modi� ed when dissipative forces are added to the model. By using
the direct method of Lyapunov, it was possible to obtain analytical
stability conditions that are necessary and suf� cient for stability.
The present work provides an alternative derivation of the stabil-
ity conditions based on a perturbation analysis of the undamped
characteristicvalues. The results provide additional insight into the
stability charts. Compared to the undamped case, the � ndings for
the dissipative case include the following.

1) It was found that regions that were unstable in the absence of
dissipative forces remain so when dissipative forces are added. In
areas where the undampedstability results were inconclusive,some
regions become unstable and some become asymptotically stable.
Thus, the region of instability in the presence of dissipative forces

is larger than that found for purely elastic systems. Similar results
have been found previously when the stability of rotating systems
is studied with and without dissipative forces.

2) For the undamped case, instability can only occur when the
moving internal mass is aft of the system mass center. This is not
true for the dissipative case. From the stability conditions, one can
deduce that instability may arise for h positive or negative. The
moving mass need not be aft of the system mass center to cause
instability.

3) When dissipation is added, it becomes clear that internal mass
motion can both enhance stability and exacerbate instability. This
suggests that a passive device can be added to a spinning rocket that
will enhance its stability.

4) The maximum axis spin rule does not apply in the presence of
axial thrust.

This paper also includesa numericalexampledemonstratinghow
the present analysis can be used to examine the stability of a time
varying spacecraft system. The example shows that coning growth
at the later stage of the burn similar to that observed in space is
possible assuming certain time histories of spacecraft parameters.
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